Abstract. We show, for mean curvature flows in Euclidean space, that if one of the tangent flows at a given space-time point consists of a closed, multiplicity-one, smoothly embedded self-similar shrinker, then it is the unique tangent flow at that point. That is the limit of the parabolic rescalings does not depend on the chosen sequence of rescalings. Furthermore, given such a closed, multiplicity-one, smoothly embedded self-similar shrinker Σ, we show that any solution of the rescaled flow, which is sufficiently close to Σ, with Gaussian density ratios greater or equal to that of Σ, stays for all time close to Σ and converges to a possibly different self-similarly shrinking solution Σ ′ . The central point in the argument is a direct application of the Simon-Lojasiewicz inequality to Huisken's monotone Gaussian integral for Mean Curvature Flow.
Introduction
In this paper we study Mean Curvature Flow (MCF) of n-surfaces of codimension k ≥ 1 in R n+k , which are close to self-similarly shrinking solutions. In the smooth case we consider a family of embeddings F : M n × (t 1 , t 2 ) → R n+k , for M n closed, such that d dt F (p, t) = H(p, t) ,
where H(p, t) is the mean curvature vector of M t := F (M, t) at F (p, t). We denote with M = t∈(t1,t2) (M t × {t}) ⊂ R n+k × R its space-time track.
In the following, let Σ n be a smooth, closed, embedded n-surface in R n+k where the mean curvature vector satisfies
Here x is the position vector at a point on Σ and ⊥ the projection to the normal space of Σ at that point. Such a surface gives rise to a self-similarly shrinking solution M Σ , where the evolving surfaces are given by Σ t = √ −t · Σ, t ∈ (−∞, 0).
We denote its space-time track by M Σ .
We also want to study the case that the flow is allowed to be non-smooth. Following [8] , we say that a family of Radon measures (µ t ) t∈[t1,t2) on R n+k is an integral nBrakke flow, if for almost every t the measure µ t comes from a n-rectifiable varifold with integer densities. Furthermore, we require that given any ϕ ∈ C 2 c (R n+k ; R + ) the following inequality holds for every t > 0 (1.1)D t µ t (ϕ) ≤ −ϕ| H| 2 + ∇ϕ, H dµ t , whereD t denotes the upper derivative at time t and we take the left hand side to be −∞, if µ t is not n-rectifiable, or does not carry a weak mean curvature. Note that if M t is moving smoothly by mean curvature flow, thenD t is just the usual derivative and we have equality in (1.1).
We restrict to integral n-Brakke flows which are close to a smooth self-similarly shrinking solution. The assumption that the Brakke flow is close in measure to a smooth solution with multiplicity one actually yields that the Brakke flow has unit density. This implies that for almost all t the corresponding Radon measures can be written as
Here M t is a n-rectifiable subset of R n+k and H n is the n-dimensional Hausdorffmeasure on R n+k . If the flow is (locally) smooth, then M t can be (locally) represented by a smooth n-surface evolving by MCF. Conversely, if M t moves smoothly by MCF, then µ t := H n L M t defines a unit density n-Brakke flow.
, where Θ (0,0) (·) is the respective Gaussian density at the point (0, 0) in space-time.
Then M is a smooth flow for t ∈ [(t 1 + t 2 )/2, 0), and the rescaled surfacesM t := (−t) −1/2 · M t can be written as normal graphs over Σ, given by smooth sections v(t) of the normal bundle T ⊥ Σ, with |v(t)| C m (T ⊥ Σ) uniformly bounded for all t ∈ [(t 1 + t 2 )/2, 0) and all m ∈ N. Furthermore, there exists a self-similarly shrinking surface Σ ′ with
for some constants c m > 0 and exponents α m > 0 for all m ∈ N.
For the definition of the Gaussian density ratios and Gaussian density we refer the reader to section 2. The above theorem implies uniqueness of compact tangent flows as follows. Let the parabolic rescaling with a factor λ > 0 be given by
Note that any Brakke flow M (smooth MCF) is mapped to a Brakke flow (smooth MCF), i.e. D λ (M) is again a Brakke flow (smooth MCF).
Let (x 0 , t 0 ) be a point in space-time and (λ i ) i∈N , λ i → ∞, be a sequence of positive numbers. If M is a Brakke flow with bounded area ratios, then the compactness theorem for Brakke flows (see [8, 7 .1]) ensures that
where M ′ is again a Brakke flow. Such a flow is called a tangent flow of M at (x 0 , t 0 ). Huisken's monotonicity formula ensures that M ′ is self-similarly shrinking, i.e. it is invariant under parabolic rescaling. Corollary 1.2. Let M be an integral n-Brakke flow with bounded area ratios, and assume that at (x 0 , t) ∈ R m+k × R a tangent flow of M is M Σ . Then this tangent flow is unique, i.e. for any sequence (λ i ) i∈N of positive numbers, λ i → ∞ it holds
Other than the shrinking sphere and the Angenent torus [2] no further examples of compact self-similarly shrinking solutions in codimension one are known so far. However, several numerical solutions of D. Chopp [3] suggest that there are a whole variety of such solutions. In higher codimensions this class of solutions should be even bigger.
In a recent work of Kapouleas/Kleene/Møller [9] and X.H. Nguyen [10] non-trivial, non-compact, self-similarly shrinking solutions were constructed. In [6] , G. Huisken showed that, under the assumption that the second fundamental form is bounded, the only solutions in the mean convex case are shrinking spheres and cylinders. The assumption on the second fundamental form was recently removed by T.H. Colding and W.P. Minicozzi in [4] . They also proved a smooth compactness theorem for closed self-similarly shrinking surfaces of fixed genus in R 3 , see [5] .
The analogous problem for minimal surfaces is the uniqueness of tangent cones. This was studied in [13, 1, 14] , and, in the case of multiplicity one tangent cones with isolated singularities, completely settled by L. Simon in [11] . One of the main tools in the analysis therein is the generalisation of an inequality due to Lojasiewicz for real analytic functions to the infinite dimensional setting.
Also in the present argument, this Simon-Lojasiewicz inequality for "convex" energy functionals on closed surfaces, plays a central role. We adapt several ideas from [11, 12] . In section 2 we recall Huisken's monotonicity formula and show that any integral n-Brakke flow, which is close in measure to a smooth mean curvature flow, has unit density and is smooth. Furthermore we prove a smooth extension lemma for Brakke flows close to M Σ . We also introduce the rescaled flow. In section 3 we treat the Gaussian integral of Huisken's monotonicity formula for the rescaled flow as an appropriate "energy functional" on Σ and use the Simon-Lojasiewicz inequality to prove a closeness lemma. This lemma and the extension lemma are then applied to prove the main theorem and its corollary.
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Graphical representation and rescaling
As in the introduction, let M be a smooth mean curvature flow of embedded ndimensional surfaces in R n+k . Let
be the backward heat kernel centered at (x 0 , t 0 ). Huisken's monotonicity formula states that for t < t 0
Thus the Gaussian density ratio
exists for all x 0 ∈ R n+k and is called the Gaussian density at (x 0 , t 0 ). The corresponding result also holds for Brakke flows, see [7, Lemma 7] . In that case the equality in (2.1) is replaced by the appropriate inequality. It can be deduced from (2.1) that any limit of parabolic rescalings as in (1.2) is self-similarly shrinking. This is also true if the convergence and limit are not smooth, see [7, Lemma 8] . Self-similarly shrinking solutions M Σ can be characterized by the fact that the Gaussian density ratio Θ (0,0) (M Σ , t) is constant in time.
For integral Brakke flows the monotonicity of the Gaussian density ratios together with Brakke's local regularity theorem can be used to show that the flow is smooth with unit density, provided that it is weakly close to a smooth mean curvature flow. Now let us assume that M is smooth for t ∈ [τ − 1, τ ] ⊂ (−∞, 0). Even more we assume that M can be written on this time interval as a normal graph over M Σ , i.e.
where u(·, t) is a smooth section of the normal bundle T ⊥ Σ t , with sufficiently small C 1 -norm. Note that any n-surface which is sufficiently close in C 1 to Σ t can written as such a normal graph. Since the evolution of Σ is self-similarly shrinking we can also write
which implies that u(p, t) = √ −t · v(p, t), wherep ∈ Σ is given by √ −t ·p = p. We have the following extension lemma: Lemma 2.2. Let β > 1, τ < 0. For every σ > 0 there exists a δ > 0, depending only on σ, β, Σ, such that if M is a unit density Brakke flow with
then M is a smooth graph over M Σ on [βτ, τ /β] for an extensionṽ of v with
Proof. By changing scale, we can assume that τ = −1. If the statement were false we could find a sequence of Brakke flows M k with Θ (0,0) (M k ) ≥ Θ 0,0 (M Σ ), which are smooth graphs over M Σ for t ∈ [−β, −1]. Furthermore we can assume that (2.2) holds for all k and (2.5) sup
4). By the compactness theorem for Brakke flows there exists a subsequence
where M ′ is again a Brakke flow. Since the Gaussian density is upper semicontinuous we have
and (2.4), (2.5) imply that
which in turn forces
But this implies that M ′ is self similarly shrinking for t ∈ (−β, 0) and coincides with M Σ for t ∈ (−β, 0) (with unit density). By Lemma 2.1 the convergence
is smooth on any compact subset of R n+k × (−β, 0), which gives the desired contradiction.
To study mean curvature flows close to the evolution of Σ it is convenient to consider the rescaled flow, i.e. if F : M n × (t 1 , t 2 ) → R n+k , t 1 < t 2 ≤ 0 is a smooth mean curvature flow, the rescaled embeddings
with τ = − log(−t) have normal speed
The monotonicity formula (2.1), centered at (0, 0), in the rescaled setting reads
with ρ(x) = (4π) −n/2 exp − |x| 2 /4 . If the surfacesM τ := 1/ √ −t · M t can be written as normal graphs over Σ, i.e.
where, as before, ⊥ denotes the projection onto the normal space ofM τ .
Convergence
To show that the flowM τ stays close to Σ we treat the Gaussian integral of the monotonicity formula as an "energy functional" for surfaces which can be written as normal graphs over Σ. Let v be a smooth section of the normal bundle T ⊥ Σ with sufficiently small C 1 -norm, i.e. such that M := graph Σ (v) is a smooth n-surface, which is close in C 1 to Σ. The energy E is then given by
where by the area formula J is a smooth function with analytic dependence on its arguments. Furthermore it is uniformly convex in ∇ Σ v, if the C 1 -norm of v is sufficiently small. The first variation of E at v is given by
where h is the induced metric on the normal bundle to Σ, and Π the projection to the normal space of Σ at y. Thus the L 2 -gradient operator of E is given by
where H is the mean curvature operator of graph Σ (v) at y + v(y).
We aim to apply the Simon-Lojasiewicz inequality as proven in [11] . One can easily check that all conditions to apply Theorem 3 therein are met, and we thus get that there are constants σ 0 > 0 and θ ∈ (0,
We can assume that σ 0 > 0 is small enough such that for any normal section v with |v| C 2,α < σ 0 the normal graph, graph Σ (v), is a smooth n-surface. This estimate allows us to show that solutions of (2.7) stay close to Σ, provided they are bounded in C 2,α .
Then there exists γ > 0, depending only on σ 0 , E and Σ, such that
Proof. We have
, where γ > 0 depends only on σ 0 and Σ. Since E(v(τ )) is a decreasing function of τ and E(0) = Θ (0,0) (M Σ ) this yields together with (3.1),
.
Integrating this inequality yields (3.2), which implies (3.3).
Proof of Theorem 1.1. Let β = (t 1 + t 2 )/(2t 2 ) and δ > 0 be given by lemma 2.2,
where γ is the constant given by Lemma 3.1.
By Lemma 2.1 we can assume that M is actually a smooth graph over Σ t for t ∈ ((t 1 + t 2 )/2, t 2 ), such that M t = graph Σt (u (·, t) ). Even more, we can assume that in the rescaled setting for
the normal section v(τ ) satisfies |v(τ )| C 2,α <σ, where τ = − log(−t) and τ ∈ τ 0 − log(β), τ 0 , for τ 0 = − log(−t 2 ). Lemma 2.2 implies thatM τ is actually graphical over Σ for an extensionṽ of v on τ 0 − log(β), τ 0 + log(β) satisfying |ṽ(τ )| C 2,α < σ 0 . But note that Lemma 3.1 then implies that for τ ∈ [τ 0 , τ 0 + log(β))
This now allows us to iterate the previous step to find that actuallyM τ is a smooth graph over Σ for an extensionṽ(τ ) of v for all τ ∈ (τ 0 , τ 0 + 2 log(β)) such that
for τ ∈ (τ 0 , τ 0 + 2 log(β)), since E(v(τ )) is decreasing in τ and
This can be iterated to yield that there is an extensionṽ(τ ) of v for all τ ∈ (τ 0 , ∞) such that |ṽ(τ )| C 2,α < σ 0 for all τ ≥ τ 0 . Standard estimates for graphical solutions imply the bounds on all higher derivatives.
The estimate (3.2) implies that
By the bounds on all higher derivatives this gives that
Thus there is a sequence of times τ i → ∞ such that v(·, τ i + τ ) τ ∈(0,1) converges uniformly in C k (Σ × (0, 1)), for all k, to a time independent solution v ′ of (2.7). In other words
gives rise to a self-similarly shrinking solution of MCF. Furthermore note that
Thus we can repeat the whole argument before, writing now M τ as normal graphs over Σ ′ , given by a time-dependent normal section w(τ ). Since now E Σ ′ (w(τ )) → E Σ ′ (0) and w(τ i ) → 0, the estimate (3.3) already implies that w(τ ) → 0 uniformly as τ → ∞ .
To get the claimed decay rate we follow ideas in [12] . Note that from a calculation as in the proof of Lemma 3.1 and (3.1), we get for someγ > 0
Integrating this inequality yields
, where α = 2θ/(1 − 2θ). The estimate (3.1) gives
Rewriting τ = − log(−t) yields the claimed decay for the L 2 -norm. The higher norms follow by interpolation.
Proof of Corollary 1.2. We can assume w.l.o.g. that (x 0 , t 0 ) = (0, 0). Since M Σ is smooth with unit density, and Σ is compact, Lemma 2.1 implies that the convergence
is smooth on R m+k ×(t 1 , t 2 ), for any t 1 < t 2 < 0. Since Θ (0,0) (M) = Θ (0,0) (M Σ ) we can apply Theorem 1.1 to see that M is a smooth graph over M Σ for t ∈ (t 1 , 0). The assumption that M Σ is a tangent flow of M at (0, 0) implies that after rescaling, there is a sequence of times τ i → ∞ such thatM τi → Σ. Thus Σ ′ = Σ andM τ → Σ as τ → ∞. This implies the statement of the corollary.
